The Stückelberg analysis of nonlinear massive gravity in the presence of a general fiducial metric is investigated. We develop a "covariant" formalism for the Stückelberg expansion by working with a local inertial frame, through which helicity modes can be characterized correctly. Within this covariant approach, an extended Λ3 decoupling limit analysis can be consistently performed, which keepsRµνρσ/m 2 fixed withRµνρσ the Riemann tensor of the fiducial metric. In this extended decoupling limit, the scalar mode π acquires self-interactions due to the presence of the curvature of the fiducial metric. However, the equation of motion for π remains of second order in derivatives, which extends the understanding of the absence of the Boulware Deser ghost in the case of a flat fiducial metric.
I. INTRODUCTION
Massive gravity is a candidate of modified gravity which explains the current accelerated expansion of the Universe [1, 2] . A linear theory of massive graviton was first considered by Fierz and Pauli (FP) [3] . This theory succeeded in excluding the extra ghost degree of freedom at linear order, but van Dam, Veltman, and Zakharov suggested that this theory does not reduce to general relativity (GR) even in the massless limit [4, 5] . However, Vainshtein showed that this problem is caused by omitting the nonlinear effects [6] . For this reason, nonlinear extensions of the FP theory have been actively considered. However, for a long time, these nonlinear theories had suffered from the Boulware Deser (BD) ghost problem [7] , which states that the theories have the extra ghost degree of freedom in addition to the usual five degree of freedom of massive spin-2.
In order to see the BD ghost explicitly, the Stückelberg formalism is very useful [8] . In Stückelberg language, the physical degrees of freedom are decomposed into helicity-0, helicity-1, and helicity-2 modes. The origin of the BD ghost mode is understood as the higher order equation of motion for the helicity-0 mode. In Refs. [11, 12] , de Rham, Gabadadze, and Tolley (dRGT) constructed the mass potential in which the self-interactions of helicity-0 mode is tuned to be a total divergence, leaving a second-order equation of motion for the helicity-0 mode. It can be seen that after a field redefinition the action for the helicity-0 mode indeed reduces to the Galileon form [13] clearly having the second-order equation of motion. Thus, this theory is BD ghost free. Massive gravity with this mass potential is called the dRGT theory.
Hassan and Rosen investigated dRGT massive gravity by means of the ADM-Hamiltonian analysis, and proved that the dRGT theory is free of the BD ghost even away from the decoupling limit [14] . In addition, they generalized dRGT massive gravity on a flat fiducial metric to the theory on a general fiducial metric, and proved that the theory is also free of the BD ghost using the same method [15] . However, the ADM-Hamiltonian analysis is rather formal and the physical mechanism removing the BD ghost is not so clear.
In a complementary way to the Hamiltonian analysis of Hassan and Rosen, the Stückelberg analysis in the flat fiducial case has been studied in detail in Refs. [16] [17] [18] [19] . Moreover, the Stückelberg analysis was extended to the curved fiducial case: de Rham and Renaux-Petel studied the de Sitter fiducial case [20] , while Fasiello and Tolley analyzed the Friedmann-Lemaitre-Robertson-Walker fiducial case [26] . However, the Stückelberg analysis has not been performed so far in the general fiducial case. In this paper, we discuss the Stückelberg analysis in the dRGT theory with a completely general fiducial metric. First, we extend the definition of the perturbation of the Stückelberg field in a covariant manner. Using this definition, we expand the action in terms of the perturbed quantities up to fourth order. Next, we extend the decoupling limit of the flat case to that of a curved one by scaling the curvature scale. Finally, we show that, in this extended decoupling limit, the equation of motion for the helicity-0 mode π does not include higher derivatives of π, which clarifies in a different and complementary way the reason why the BD ghost is absent even in the curved fiducial case. This paper is organized as follows. In the next section, we briefly review dRGT massive gravity and the usual Stückelberg analysis. In Sec. III, we develop a covariant Stückelberg analysis with a general fiducial metric and apply it to dRGT massive gravity. In Sec.IV, we derive the decoupling limit at the energy scale Λ 3 and show that the equation of motion for π remains of second order in derivatives. Final section is devoted to the conclusions.
II. MASSIVE GRAVITY WITH A CURVED FIDUCIAL METRIC
The Lagrangian for nonlinear massive gravity is composed of the Einstein-Hilbert term and the dRGT mass terms:
where m is the mass of the graviton h µν defined by
with a fixed background metric g
µν . The dRGT mass terms are given by
where
with α 3 and α 4 being free constant parameters. The square brackets "[M]" denote the trace of the matrix M with respect to the physical metric g µν . The matrix K µ ν is defined by
whereḡ µν is a fixed symmetric matrix that is called a fiducial metric. Generally speaking, a background metric g (0) µν on which we define a graviton has nothing to do with the fiducial metricḡ µν , though in many casesḡ µν is indeed a solution of the background equation of motion. In this work, we take g
µν =ḡ µν for simplicity, which enables us to expand the matrix K perturbatively.
A. Stückelberg trick
The matrix K µ ν and thus the dRGT mass terms (4)-(6) explicitly break general covariance due to the presence of a fixed fiducial metricḡ µν . On the other hand,ḡ µν can always be thought of as the "gauge-fixed" version of some covariant tensor field, which can be constructed using the well-known Stückelberg trick [8] [9] [10] :
where a set of four (we are working in 4-dimensional spacetime) Stückelberg fields {φ a } which transform as scalars under a general coordinate transformation of spacetime. The fixedḡ µν can be recovered by choosing the so-called "unitary gauge" with φ µ = x µ . By replacingḡ µν with the covariant tensor field f µν , the dRGT mass terms are promoted to scalars and thus the corresponding Lagrangian (1) acquires general covariance.
Degrees of freedom in a gravity theory alternative to GR show themselves in a simpler manner in the so-called "decoupling limit", where different types (e.g., helicities) of degrees of freedom decouple from each other in some limit of energy scales. In the case of massive gravity, the decoupling limit is taken as M pl → 0 so that the nonlinearities in gravity get reduced, while keeping the energy scale Λ λ ≡ M pl m λ−1 λ with some λ fixed so that interactions arising above Λ λ become irrelevant. When a fiducial metric is flat, all degrees of freedom are thus living in the flat Minkowski background, which enables us to identify the (Stückelberg) field-space Lorentz symmetry with the spacetime global Lorentz symmetry, while the later only arises in the decoupling limit. In this case, the set of four Stückelberg fields {φ a } transform as a vector under this identified global Lorentz transformation. As a result, the fields A a and π, defined by
transform as a vector and a scalar and encode the information of helicity-1 and helicity-0 modes of a massive graviton, respectively, in the decoupling limit. Thus, in this limit, the requirement that the equation of motion for π is of second order in derivatives ensures the absence of BD ghost [10, 25] . The above argument, however, cannot be applied simply to the case of a curved fiducial metric. Indeed, a naive split (9) in Eq. (8) yields
where π µ is defined as π a ≡ δ a µ π µ . If we would rewrite all partial derivatives in terms of "covariant" derivatives∇ with respect toḡ µν using ∂ µ π ρ =∇ µ π ρ −Γ ρ µλ π λ and focus on the "supposed-to-be" helicity-0 mode π defined by π µ ≡ḡ µν ∂ ν π, we will get
which is not explicitly "covariant" due to the presence of the Christoffel symbols. In fact, as was well explained in [16] (see also [20] ), A a and π defined in the "naive" split (9) are neither vector nor scalar any longer, and do not capture the helicity-1 and helicity-0 modes correctly, either when going beyond the decoupling limit or when the fiducial metric is curved, which is the case we are dealing with in this paper.
The main purpose of this work is thus to develop a "covariant" formalism for the Stückelberg expansion, through which the helicity modes can be characterized correctly and a decoupling limit analysis similar to the case of a flat fiducial metric can be consistently performed.
III. A COVARIANT APPROACH TO STÜCKELBERG ANALYSIS
A. Covariant definition of the perturbed Stückelberg field For a general fiducial metric, the main difficulty in "covariantly" defining the Goldstone modes π µ and identifying the helicity modes is that, due to the loss of global symmetries, the identification of the internal and physical space does not make sense any longer. One exception is the case of the maximally symmetric fiducial metric considered in [20] , where the identification of the helicity modes was made by embedding the d-dimensional (A)dS into a (d + 1)-dimensional Minkowski background and then projecting back. This trick, however, cannot be used for a general fiducial metric since embedding an arbitrary d-dimensional space into a (d + 1)-dimensional Minkowski one is not always possible.
In this work, we employ an alternative approach based on the Riemann normal coordinates (RNC), which is in fact a standard approach to defining perturbations "covariantly", as has been used in the well-known background field method (e.g. [21] ). See also the footnote 5 of [22] , in which the use of Riemann normal coordinate is suggested. The idea is to regard the Stückelberg field as the diffeomorphism of the spacetime itself.
1 Precisely, we consider a one-parameter family of diffeomorphisms generated by a set of single-parameter curves x µ (λ) parameterized by λ, i.e.,
for a given point p in spacetime. At this point, we do not assume x µ (λ) to be a geodesic, while we shall see below how the standard RNC approach arises in order to recover the expressions in the case of a flat fiducial metric (9) . We may freely set λ = 0 at a given point p, and define the Stückelberg fields at p as the coordinate values of its image
Note that in Eq. (13) we use the same symbol both for the diffeomorphism and for the Stückelberg fields. The perturbation of the Stückelberg fields, i.e., the difference between the Stückelberg fields at point p and the coordinate values of point p itself,
is obviously not a covariant object, since x µ (0) are fixed. We define u µ as the tangent vector of x µ (λ),
which is automatically a covariant object by definition. Integrating Eq. (15) gives
where we used
for short. Setting λ = −1 in Eq. (16) yields
Note that Eq. (16) and thus Eq. (18) are the results of the standard Taylor expansion and we do not assume that x µ (λ) is a geodesic. If we naively identify ξ µ as the Goldstone modes, due to the presence of derivatives of ξ µ , (18) does not reduce to Eq. (9) even in the case of the flat fiducial metric. This discrepancy can be trivially solved by introducing a new variable π µ through
or its inverted form
where∇ µ is the covariant derivative with respect toḡ µν and a µ ≡ π ν∇ ν π µ . Since ξ µ is covariant, π µ defined by Eq. (19) is automatically covariant, which we identify as the covariant Goldstone modes. Plugging Eq. (20) into Eq. (18) and performing some manipulation, we have
which indeed reduces to Eq. (9) in the case of the flat fiducial metric. Equation (21) is one of the main results of this paper. This result implies that the covariant Goldstone modes π µ are nothing but the standard Riemann normal coordinates, which correspond to the tangent vector of the geodesic at point p connecting the point p and its image φ −1 (p). The definitions of the Stückelberg field φ µ and the Goldstone modes π µ are illustrated in Fig. 1 . Before ending this subsection, we emphasize again that, both ξ µ and π µ are covariant and have explicit covariant relations (19) or (20) , and thus both Eq. (18) and Eq. (21) can be used to derive covariant expressions. We employ Eq. (21) since this has an explicit correspondence to the case of the flat fiducial metric (9) .
Illustration of the definitions of Stückelberg field φ µ and the Goldstone modes π µ . The Stückelberg fields φ µ | p at a given point p are defined as the coordinate values
is the image of p under the diffeomorphism generated by single-parameter curves x µ (λ) with parameter λ = −1. If x µ (λ) are not geodesics (dashed curve), the Stückelberg field is expanded as (18); if x µ (λ) are geodesics (black curve) the Stückelberg field is expanded as (21) with Goldstone modes π µ as the standard Riemann normal coordinates.
B. Stückelberg expansion of the action
Having defined the perturbative expansion of the Stückelberg and the Goldstone modes π µ as in Eq. (21), we are able to expand the "covariantized" fiducial metric f µν in Eq. (8) . Simply by plugging Eq. (21) and carefully dealing with the Christoffel symbols and their derivatives, it is straightforward to recast the expressions in terms of π µ ,R µνρσ , and their covariant derivatives (with respect to the fiducial metric). This procedure, however, becomes more and more cumbersome when going to higher orders in π µ . In this subsection, we take an equivalent but simpler treatment by recalling that, according to Eq. (8), f µν can be viewed as the "pull back" ofḡ µν under the diffeomorphism φ of spacetime:
for a given point p. As in the standard lore, an infinitesimal diffeomorphism is generated by a vector field, which is just the tangent vector of the curve u µ = dx µ /dλ in our case. The change in any tensor field induced by such an infinitesimal diffeomorphism is encoded in the Lie derivatives along the curve x µ (λ). Precisely, we introduce a coordinate system adapted to u µ , such that the parameter λ along the curve x µ (λ) is chosen as one of the coordinates, e.g., x 0 , while the values of other coordinates {x i } are kept invariant along the curve. In this particular coordinate system, for a given point p with coordinate values
The components of f µν in this peculiar coordinate system are thus given by
On the other hand, in this peculiar coordinate system, ∂/∂x 0 is equivalent to the Lie derivative £ u when acting on any tensor, Eq. (24) can be recast into a covariant form 2 :
where ξ µ ≡ u µ | p . Equation (25) is also one of the main results of this paper, which now actually holds in any coordinate system. Using Eq. (25), it is now straightforward to expand f µν in term of ξ µ :
where all indices are raised and lowered byḡ µν andḡ µν , respectively,R (20) , which yields
with a µ ≡ π ν∇ ν π µ . Plugging Eq. (27) into Eq. (26) and performing simple manipulations, we get
with
It is not surprising that the acceleration a µ drops out in the above expression. In fact, Eqs. (29)-(32) can also be derived by replacing ξ µ by π µ in Eq. (25) and taking into account that a µ ≡ 0 (since π µ is the tangent vector of geodesics) when evaluating the Lie derivatives. This is also one of the advantages of defining the Goldstone modes π µ using the standard Riemann normal coordinates.
Having the above results in hand, we are now ready to expand the covariant metric perturbation H µν ≡ g µν − f µν as
In order to expand the matrix K µ ν in terms of π µ , first we note, by definition (7), that
When g µν and f µν are expanded around the same background (as we will do in this paper), H µν is a perturbative quantity and hence we can calculate the action order by order through this equation. 
where Π µν is the symmetric part of∇ µ π ν :
Finally, putting everything together and using the expansion for the determinant,
µν h µν /8 + · · · , we are able to expand the full dRGT mass terms (1) in terms of the metric perturbation h µν and the Goldstone modes π µ order by order. At second order, we have
where F µν is the anti-symmetric part of∇ µ π ν ,
and we omitted a total divergence in Eq. (46). Similarly, the Lagrangian at cubic order is
3 Note that the square root matrix can be also expanded easily in the proportional background case:ḡµν = C 2 g
µν . Our following analysis can be easily extend to this case. Only difference is existence of the overall factor C and
and
At quartic order we have
where 
The above expressions are very cumbersome. In the next section, we will show that it is possible to introduce a generalized Λ 3 -decoupling limit as in the case of the flat fiducial metric. All terms with cut-off scales lower than Λ 3 drop out and the resulting terms represent a healthy theory describing various modes propagating on a curved background.
IV. DECOUPLING LIMIT AND THE HELICITY-0 MODE

A. Scales
The "covariant" approach employed in the previous sections enables us to identify the propagating degrees of freedom correctly. We may split π µ into transverse and longitudinal modes as in the case of the flat fiducial metric:
whereÂ µ andπ are normalized and are identified as the helicity-1 and helicity-0 modes, respectively. Similarly, we define the normalizedĥ µν asĥ
The Stückelberg expansion yields a whole hierarchy of interaction terms ofĥ µν ,Â µ , andπ with various energy scales. Note that while h µν without derivatives appear in the expansion, π µ without derivatives does not in the case of the flat fiducial metric. This point should be contrasted with the curved case, as π µ now may appear without derivatives due to the presence of the curvature tensor and its derivatives, which come from the commutation of the covariant derivatives. Thus, a general interaction term takes the following prototype
where n h , n A , and n π are the numbers of the corresponding fields, r is the power of curvature terms, and d is the number of derivatives acting on the curvature. All the powers in Eq. (61) must be non-negative integers so that, especially,
In terms of the normalized variables, Eq. (61) can be written as
where Λ λ is defined as usual as Λ λ ≡ M pl m λ−1 1/λ with
Note that in Eq. (63) we deliberately separate the dimensionless (non-dynamical) factorR r /m 2r for later convenience. At this point, it is clear that the only difference from the case of the flat fiducial metric is the presence of the curvature terms in Eq. (63), which effectively change the cut-off scales. Equations (63) and (64) generalize the expressions for the case of the flat fiducial metric (r = d = a = 0) to the curved case.
In Appendix B, we list all possible interaction terms with corresponding cut-off scales, up to fourth order in powers of fields. In general, there are two types of terms suppressed by scales lower than Λ 3 :
which are exactly the same as the case of the flat fiducial metric. On the other hand, terms suppressed by Λ 3 are:
where the last type of terms arises due to the presence of the curvature of the fiducial metric. All the other terms are suppressed by scales higher than Λ 3 .
B. Extended Λ3-decoupling limit
In the case of the flat fiducial metric, the "Λ λ -decoupling limit" is taken as
For example, the cut-off scale of nonlinear dRGT massive gravity is Λ 3 . As we shall see, this holds also for the case of a curved fiducial metric. Thus, we will take an "extended" Λ 3 decoupling limit as
Note that the interactions betweenÂ µ andπ start at cubic order. Therefore, similarly to the analysis of the flat fiducial metric, we consistently setÂ µ = 0 and concentrate onĥ µν andπ in the following. After taking this extended Λ 3 decoupling limit, the surviving interaction terms up to fourth order in fields are given by
It is not surprising that the self-interactions ofπ are all proportional to the curvature of the fiducial metric, which exactly vanish in the flat limit. Note that in deriving Eqs. (72), (73), and (74), we employed several integration-byparts, see Appendix D for details. For later convenience, note also that B µνρσρ ′ σ ′ has the following antisymmetries:
C. Unmixingĥµν andπ
Unlike the case of the flat fiducial metric, hereπ acquires a quadratic kinetic term (72) automatically, due to the non-vanishing curvature of the fiducial metric. Nevertheless, it is interesting to perform the field redefinition
under whichĥ µν X
µν andĥ µν X
µν get unmixed as in the case of the flat fiducial metric. To this end, we first expand the Einstein-Hilbert Lagrangian around a general background up to quadratic order,
where the "Lichnerowicz operator" is defined by
After taking the Λ 3 decoupling limit, the terms in the second line of Eq. (81) drop out and thus would not contribute to the (partially) unmixed Lagrangian. With some manipulations, the final Lagrangian can be written as
where the quadratic terms are
It is interesting to see that, at linear order,π propagates in an effective metric (3/2)ḡ µν −R µν /m 2 . Thus, although there are no higher derivatives so that the theory is free of any extra modes,π itself is a ghost in spacetime regions whereR
is satisfied. This generalizes the well-known "Higuchi bound" in the de Sitter background [27] . A critical case arises forR µν = (3/2)m 2ḡ µν , whereπ becomes non-dynamical (at the linear level). This case corresponds to the case of "partially-massless" gravity.
The cubic and quartic parts are
respectively, where A µνρσ etc. are defined in Eqs. (75)-(77).
In the case of the flat fiducial metric, a necessary condition for the absence of the BD ghost is the disappearance of self-interactions of the helicity-0 modeπ. This is because thereπ appears always with two derivatives, ∂ µ ∂ νπ , and thus any self-interaction ofπ will inevitably yield higher derivatives in the equations of motion. In our case,π acquires self-interactions due to the presence of the curvature tensor of the fiducial metric. However, in the extended Λ 3 decoupling limit, the equation of motion forπ remains of second order in derivatives (acting onπ). To see this, first note that, for L 3 and for the term proportional to C λµνρσ in L 4 , the second derivatives ofπ appear linearly, implying that the corresponding equation of motion forπ is of second order in derivatives. As for the first term in L 4 , though it does not take the form of "covariant" Galileons, which must be supplemented with a curvature term ∼R ∇π 4 , it is straightforward to check that the corresponding equation of motion forπ is of second order. The point is that the equation motion contains derivatives of the curvature of the fiducial metric, which are definitely safe since the fiducial metric is non-dynamical. This is the same for the terms proportional toĥ µν X
µν (π) and B µνρσρ ′ σ ′ due to the antisymmetries (78), see Appendix C for explicit proofs. To summarize, similarly to the case of the flat fiducial metric, in the Λ 3 decoupling limit,π propagates subject to a second-order equation of motion, which prevents the BD ghost.
V. CONCLUSION
In this paper, we have extended the Stückelberg analysis, which was used in the theory on the flat fiducial metric, to the theory on a general fiducial metric. First, we have given the covariant definition of the perturbation π µ of the Stückelberg field. Using this definition, we have expanded the action in a covariant way and given the explicit expression for the action of h µν and π µ up to fourth order. As an application of this formula, we have calculated the action of the helicity-0 mode π. From the second-order action, we have obtained the ghost-free condition (84), which is the generalization of the Higuchi bound known in the de Sitter fiducial case. Contrary to the flat fiducial case, we have faced the problem in taking the Λ 3 decoupling limit in the general fiducial case. However, we have overcome this problem by extending the Λ 3 decoupling limit, in which the curvature of the fiducial metric is scaled. In this extended Λ 3 decoupling limit, the helicity-0 mode π and helicity-2 mode h µν are decoupled as in the flat fiducial case. (Of course, there remains the h µν X where u a is the tangent vector of the curve φ a (λ). Moreover, (23) implies 
which exactly coincides with (25). First we will show that, as long as the second derivatives ofπ enter the Lagrangian linearly, the corresponding equations of motion forπ are up to second order in derivatives. To this end, consider a general Lagrangian 
and hence contains no higher derivatives ofπ.
Next, for arbitrary tensors E µνρ1σ1ρ2σ2 and E µνρ1σ1ρ2σ2ρ3σ3 containing noπ, which are antisymmetric under exchange of ρ i ↔ ρ j and σ i ↔ σ j and symmetric under exchange of pairs of (ρ i σ i ) ↔ (ρ j σ j ), the corresponding equation of motion forπ of 
respectively, which also contain no higher derivatives ofπ. Terms in L 4 are just special cases of the above.
